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Charge fluctuations on membrane surfaces in water
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~Received 13 January 2000!

We generalize the predictions for attractions between overall neutral surfaces induced by charge fluctuations
or correlations to nonuniform systems that includedielectric discontinuities, as is the case for mixed charged
lipid membranes in an aqueous solution. We show that the induced interactions depend in a nontrivial way on
the dielectric constants of membrane and water and show different scaling with distance depending on these
properties. The generality of the calculations also allows us to predict under which dielectric conditions the
interaction will change sign and become repulsive.

PACS number~s!: 68.10.2m, 87.68.1z, 87.16.Dg
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I. INTRODUCTION

In recent years there has been a growing interest in e
trostatic systems that are dominated by ion fluctuations
ion distributions around larger charged objects. In some
these systems one finds attraction between like charged
jects@1# and directelectrostaticcontributions in systems tha
are overallneutral @2,3#.

In this paper we will generalize some theoretical resu
for systems of neutral surfaces~membranes! that nonetheless
interact electrostatically via ion fluctuations and correlatio
These predictions are relevant to the experimental work d
both on biological systems and on artificial systems wh
charges are introduced in order to improve membrane c
acteristics. Examples are the charged membranes
membrane-DNA complexes@4# used for gene transvectio
and the formation of equilibrium bilayer vesicles from mixe
charged lipids@5#.

Recently it has been shown@2# that charge fluctuations
can lead to attractions between overall neutral surfa
However, the system treated was the somewhat artificial c
of uniform layers where the interacting surfaces separate
gions of thesamedielectric. In this paper we specificall
focus on the role of the dielectric discontinuities in syste
of lipid membranes in an aqueous solution and how th
affect these interactions. In Sec. II we introduce a mo
system for the membrane which includes two surfa
charged with both positive and negative mobile io
~charged lipid heads at the bilayer surface! that are overall
neutral. The system is treated within the Debye-Hu¨ckel
model @6,7# for a two-dimensional salt solution@2,8#. We
calculate the interaction between these two surfaces resu
from the fluctuations and correlations of the mobile charg
and find that the resulting attraction depends in a nontri
way on thedielectric discontinuitybetween lipid and water

II. INTERACTION BETWEEN TWO SALTY SURFACES

In this section we calculate the effective interaction b
tween two surfaces that contain mobile charges but are o
all neutral. This is a model system for mixed charged lip

*Also at the Physics and Materials Departments, UCSB.
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membranes@5# or for membranes that are very high
charged to the extent that their counterions are restricted
nearby layer that is thin enough to be considered as a t
dimensional surface. Pincus and Safran@2# have calculated
this interaction within the Debye-Hu¨ckel approximation for a
uniform system, i.e., a system with no dielectric discontin
ties. We will follow their method, while introducing the di
electric contributions to this model.

A. Model

The Debye-Hu¨ckel model is an expansion of the energy
second order in the charge density fluctuations@10# and in-
cludes both the electrostatic and entropic contributions
to these fluctuations:

dH5E drdr8F1

2 (
i 51,2

S d~rW 2rW 8!

s0
1f~rW 2rW 8,z50! D

3ds i~rW !ds i~rW 8!1f~rW 2rW 8,z5d!ds1~rW !ds2~rW 8!G .

~2.1!

The self-energy of each of the surfaces separately is g
by the first two terms while the third term is the interactio
term between charges on the different surfaces.s1,2 are the
charge densities on the surfaces~the indexi 51,2 denotes the
surface number! while r is the in-plane coordinate andz is
the coordinate perpendicular to the surface. The first termd
function! is the entropic contribution from the charge dens
fluctuations in both surfaces. In this expression we have
sumed, for the sake of simplicity and without taking aw
from the generality of the treatment, that the charge fluct
tions are due only to density fluctuations ofone type of
charge while the other sign does not fluctuate and there
does not contribute to the free energy to this order. Thus
entropic contribution can be written in terms of the to
charge density fluctuations on each surface, wheres0 is the
average charge density of each species~separately!. The
electrostatic contributionsf both between charges in th
same surface (z50) and between charges on the oppos
surfaces (z5d) are not trivial because of the dielectric di
continuities that are formed by these surfaces~Fig. 1!. The
2981 ©2000 The American Physical Society
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discontinuities reflect the fields, thus creating image char
in the region outside the membrane@9#. Because this system
has two such discontinuities on either side of the membra
each image charge is reflected over and over again so tha
have an infinite number of charges over which to sum wh
calculating the potential. We require expressions for the
teractions between charge fluctuations in the same sur
~they will also contribute to the intersurface interaction v
the reflections! and fluctuations on opposite surfaces. T
interaction potential of two charges that are in the same
face is

f~rW 2rW 8,z50!5
e2

ē
S 1

urW 2rW 8u
1

e in

ē
(
n51

`

u2n21

3
1

AurW 2rW 8u21~2nd!2
D , ~2.2!

while the interaction energy for two charges on the two d
ferent sides of the membrane is given by

f~rW 2rW 8,z5d!5
e2e in

ē2 (
n51

`

u2n22

3
1

AurW 2rW 8u21@~2n21!d#2
. ~2.3!

Hereeout,in are the dielectric constants of the outer and in
layers respectively,ē5(eout1e in)/2, u5(e in2eout)/(e in
1eout), andd is the membrane thickness.

The sums in Eqs.~2.2! and ~2.3! are easily performed if
we use the identity*e2qzJ0(qr)dq51/Ar 21z2 to transform
them into simple geometric series. The resulting energy
momentum space has the form

FIG. 1. Schematic of model system.@For example, membrane
(e52) in water (e580). The lipid heads are charged with bo
positive and negative charges but the membrane is overall neu#
The dashed lines indicate the virtual surfaces where the im
charges show up. Because there are two dielectric discontinu
there are infinitely many such surfaces at equal distancesd apart.
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dH5(
q

S 1

2
@ uds1~q!u21uds2~q!u2#A~q!

1ds1~q!ds2~q!B~q! D . ~2.4!

The coefficients are given by

A~q!5
1

s0
1

2p^ l &
q

1
2pd l

q

exp~22qd!

12u2 exp~22qd!
,

B~q!5~2p l in /q!exp~2qd!/@12u2 exp~22qd!#.

Here we have defined three different ‘‘Bjerrum lengths

^ l &5e2/ ēkBT, d l 5^ l &2(e in2eout)e in / ē2, andl in5^ l &e in / ē.
At this point it is worth noting the differences betwee

this expression and that which is found for the uniform ca
@2# of no dielectric variations: The differences are expres
through the various effective Bjerrum lengths. In the unifo
case there is only one such length scale, which would
equal to ^ l & where ē5e. In that casel in5^ l &5 l B and d l
50. Hence the differences enter not only in the way th
change the interaction amplitude throughl in and^ l &, but also
by adding an additional interaction term that isd dependent,
but that is also proportional to the dielectric differencee in
2eout , throughd l , and affects the resulting interaction in
nontrivial way, as will be seen below@11#.

The Gibbs free energy for these fluctuations is now giv
by the logarithm of the partition function:

G

kBT
52 lnS E Pqdsq exp~2DH/kBT! D
5 ln@A~q!22B~q!2#. ~2.5!

The pressure between the two surfaces due to charge
tuations as a function of membrane thickness is given by
negative derivative of the Gibbs free energy with respec
the thickness:

P~d!5
kBT

A (
q

qe22qd

3
~d l /^ l &!@lq111~d l /^ l &!e22qd#2~ l in /^ l &!2

@lq111~d l /^ l &!e22qd#22~ l in /^ l &!2e22qd
,

~2.6!

where we have introduced a Gouy-Chapman length scal
51/2p^ l &s. In integral form we find the expression

P~d!5kBT
1

2pd3E dxx2e22x

3
~d l /^ l &!@~lx/d!111~d l /^ l &!e22x#2~ l in /^ l &!2

@lx/d111~d l /^ l &!e22x#22~ l in /^ l &!2e22x
.

~2.7!

B. Results and discussion

The most convenient way to analyze the results of
previous section is by looking at the various limits of th
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integral Eq.~2.7!. We have three dimensionless paramet
that determine the behavior of this integral and thus thed and
eout ,e in dependence of the pressure. The first is the ra
between the two length scales in the problem,

l

d
5

1

2p^ l &sd
,

which parametrizes the strength of the charging in the m
brane relative to the distance between the surfaces. The o
two parameters are the ratio of the dielectric constants
also their relative difference:

d l

^ l &
5

2~e in2eout!e in

ē2
and

l in

^ l &
5

e in

ē
.

The first of these two ratios reflects the effect of ima
charges on the fluctuation induced interactions, while
second measures the relative weakening or strengthenin
the primary interactions between fluctuations on the t
sides due to the difference in dielectric response of the
terial between them.

We have three different parameters with which we fi
three different limiting regimes. The first regime is reach
when we take the limitl/d!1 ~high ion density: the averag
distance between ions!Ad^ l &):

P~d!}
kBT

pd3 F d l

^ l &
2S l in

^ l & D
2G}2

kBT

d3

e in~2eout2e in!

ē2
.

~2.8!

The 1/d3 behavior remains the same throughout this regim
although the sign of the pressure changes from being at
tive for eout.e in ~as is expected for a lower dielectric b
tween the surfaces and is the case for a biomembrane! and
evene in slightly bigger thaneout , becoming repulsive only
when the internal dielectrice in is at least twice as big as th
external oneeout . In this limit the effect of the variation in
the dielectric between the surfaces is just on the size~and
eventually the sign! of the pressure, but the dependence
distance is unaltered from the uniform case, which was
scribed in@2# as a fluctuation effect and compared with t
van der Waals attraction also because of its linear dep
dence on temperature@12#.

The next main regime is the opposite one whenl/d@1.
Here we distinguish between two regimes. The first is t
when the dielectric contrast is not very big@compared with
( l in /^ l &)2d/l# and in this case the behavior is, as expect
similar to that found for the uniform case in this limit@2#:

P~d!}2S l in

^ l & D
2 kBT

dl2 }2S e in

ē2 D 2
s2

d

e4

kBT
. ~2.9!

In this case the pressure is inversely proportional to the t
perature~through thel dependence! and is argued to be a
correlation, rather than a fluctuation, effect@2#. The dielectric
effects enter in the coefficient (l in /^ l &)2 and reduce the in-
teraction as the internal dielectric~lipid! becomes smalle
than the external one~water! and the dielectric contrast in
creases. However, as this contrast increases another e
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becomes important—the effect of the image charges, wh
dominate when ud l /^ l &u is not small compared with
( l in /^ l &)2d/l—and we find

P~d!}
d l

^ l &

kBT

d2l
}2

~eout2e in!e in

ē3

se2

d2 . ~2.10!

Here once again we find that the interaction will change s
when the internal and external dielectrics reverse roles. H
ever, the dominant effect is that the power law changes fr
d21 to d22, and therefore for smallerd this effect becomes
more important than the previous result, Eq.~2.9!. Note that
in this regime the pressure is independent ofT and is there-
fore neither pure fluctuation nor correlation effect. Moreov
it is linearly dependent on the surface charge densitys ~and
not quadratically!, indicating that the correlations lead to a
average charge distribution that is temperature indepen
and the result is an interaction between each charge an
effective image charge which does not include, to first ord
the rest of the mobile charges.

Although one can find systems composed of charged
ers of relatively similar dielectric content, most charged la
ered structures are included within the first (l!d) and last
(d!l and large dielectric contrast! regimes. The case o
membranes in water clearly belongs to these two lim
Moreover, such a structure can exhibit both regimes sim
taneously since in a stacked arrangement one can con
both the membrane and the water as being the internal la
Although membrane thickness is predominantly determin
by forces resulting from the hydrophobicity and length of t
carbon chains, it is still interesting to compare this cha
fluctuation induced pressure with the van der Waals for
@13# in the system. Taking the membrane Hamaker cons
to be of the order of 2310(221) J @13#, the ratio between the
pressures for highly charged membranes (l!d) turns out to
be Pcharge/PVdW;8 ~independent ofd). In this limit the
charge fluctuation pressure is stronger than van der W
forces. Since they both have the same sign and orde
magnitude~both tend to squeeze the membrane!, and both
show the same dependence on thickness, the two interac
plainly add up to an enhanced dispersion force. What h
pens in the opposite limit, when the charging is weak so t
l.d540 Å ~typical membrane thickness!? It turns out that
at this limit the charging is too weak and van der Wa
pressure always dominates strongly.

On the other hand, when the water layer is not constrai
by a fixed layer thickness we can expect to see both regi
expressed. Moreover, because the internal and exte
phases are reversed the size of the interactions
ewater /eoil.40 times larger than in the previous case. Hen
for thick water layers (l!d) the enhanced fluctuation pres
sure, which now tends to swell the water layer, clearly dom
nates over the attractive van der Waals pressure that ten
thin it. In the low charging limit (d!l) we now find that
Pcharge/PVdW.25d/l. This means that even at the lo
charging limit there is a regime where the fluctuation pr
sure dominates over the van der Waals forces. These
have opposite signs and also different functional dep
dences on the thickness of the layer,d. This means that for
moderately charged layers (s510(23) Å 2), for spacings
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larger than 1 Å but smaller thanl.10 Å, we can expect a
1/d2 power law for swelling that will cross over into a 1/d3

behavior for larger distances.
In summary, we have shown that fluctuation induced

teractions are strongly dependent on the dielectric prope
of the system not only quantitatively but also qualitative
The lower dielectric constant of the lipid will reduce th
strength of the interaction between the two surfaces of
membrane but will also change the scaling with the me
brane thickness. When looking at interactions in a stack
reverse happens: the interaction is enhanced by a facto
eout / ē.2 with respect to the uniform case, and we mig
hy

e
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also be able to see the effects of dielectric reflections w
looking at the intermembrane interactions.
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@4# J. Rädler, I. Koltover, T. Salditt, and C.R. Safinya, Scien
275, 810 ~1997!; T. Salditt, I. Koltover, J. Ra¨dler, and C.R.
Safinya, Phys. Rev. Lett.79, 2582~1997!.
s.

l-

@5# E.W. Kaler, A.K. Murthy, B.E. Rodriguez, and J.A.N. Zasad
inski, Science245, 1371~1989!.

@6# L.D. Landau and E.M. Lifshitz,Statistical Physics, 3rd ed.,
revised and enlarged by E.M. Lifshitz and L.P. Pitaevskii~Per-
gamon, New York, 1980!, p. 240.

@7# S.A. SafranStatistical Thermodynamics of Surfaces, Inte
faces, and Membranes~Addison-Wesley, Reading, MA,
1994!, Sec. 5.5.

@8# E.S. Velazquez and L. Blum, Physica A244, 453 ~1997!.
@9# J.D. Jackson,Classical Electrodynamics~Wiley, New York,

1962!.
@10# P.M. Chaikin and T.C. Lubensky,Principles of Condensed

Matter Physics ~Cambridge University Press, Cambridg
1995!.

@11# Another difference enters through the actuald dependence of
B(q) through the denominator that includes the te
u2 exp(22qd). However, this exponential term does not have
strong influence on the resulting intersurface interaction a
therefore on the equilibrium behavior.

@12# J. Mahanty and B.W. Ninham,Dispersion Forces~Academic
Press, London, 1976!; Sec. 5.1.

@13# J.N. Israelachvili,Intermolecular and Surface Forces, 2nd ed.
~Academic Press, New York, 1992!.


